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Quasi-sequential methods are efficient and flexible strategies for the solution of
dynamic optimization problems. At the heart of these strategies lies the time discretiza-
tion and approximation of dynamic systems for nonlinear optimization problems. To
address this question, we employ a time derivative analysis within the quasi-sequential
approach and derive a finite element placement strategy. In addition, methods for
direct error prediction are applied to this approach and extended with a proposed
time derivative analysis. According to the information for current time derivatives,
subintervals are introduced that improve accuracy of state profiles. Since this is only
done in the simulation layer, the nonlinear programing solver need not be restarted.
An efficient gradient computation is also derived for these subintervals; the resulting
enhanced accuracy accelerates convergence performance and increases the robustness
of the solution to initialization. A beer fermentation process case study is presented to
demonstrate the effectiveness of the proposed approach. VVC 2011 American Institute of

Chemical Engineers AIChE J, 57: 2185–2197, 2011

Keywords: accuracy of state profile approximation, time optimal control, optimal
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Introduction

Many tasks in the process industry for optimal state tran-
sitions (e.g., batch processes, startup and shutdown phases,
and product changeovers) lead to dynamic optimization
problems. Solving such problems efficiently represents an
essential topic of current research. The approaches to
dynamic optimization problems can be classified into indi-
rect and direct methods.1 In the indirect methods (also

called variational approach) the solution will be derived
based on the necessary optimality conditions, leading to a
two-point-boundary-value problem. In the direct methods,
the infinite dimensional optimization problem is reformulated
with a discretization strategy into a finite dimensional optimi-
zation problem, so that it can be solved with a nonlinear pro-
graming (NLP) solver. Direct methods can be further classi-
fied into three approaches: the sequential, simultaneous, and
quasi-sequential approach.2 Due to their capability to treat
large-scale and complex systems, direct methods are becom-
ing more widely considered in different industrial disciplines.

In the sequential approach, where only the controls are
discretized (or parameterized), the optimization problem is
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divided into a simulation and an optimization layer. Given
initial conditions for state variables and a set of control pa-
rameters, the model equations, usually composed of a differ-
ential algebraic equation (DAE) system, will be solved in
the simulation layer with a DAE solver. Only the control pa-
rameters are handled as variables in the optimization layer,
where an NLP solver is used. A well-known disadvantage of
the sequential approach is the difficulty in treating path con-
straints on state variables.

The quasi-sequential approach from Hong et al.,3 has been
applied to many dynamic optimization problems from an
industrial point of view,4–6 illustrating its capability of solv-
ing large-scale complex problems. As in the simultaneous
approach2,7–9 both control and state variables are discretized
using collocation on finite elements.10,11 In this way path,
constraints on state variables can be held in each element. In
contrast to the simultaneous approach, the quasi-sequential
approach solves the algebraic equations, resulting from dis-
cretization of the DAEs, in a simulation layer. This step
reduces the size of the optimization problem by eliminating
equality constraints and states. The resulting NLP problem
consists only of inequality constraints and controls and, in
this way, performance of the line search can be significantly
enhanced.3 However, in comparison to the simultaneous
approach more computational effort is required in the quasi-
sequential approach to solve model equations at each iterate
of NLP. Hence, if the solution of this equation system con-
verges quickly, the quasi-sequential approach can be more
efficient.

Both the simultaneous and the quasi-sequential approach
use the collocation method to discretize the dynamic optimi-
zation problem, resulting in an approximate or inaccurate
description of the original system. In most previous investi-
gations constant time intervals (so-called finite elements) for
the discretization of the underlying DAE system have been
used. With fixed finite elements, the determination of discon-
tinuous points in the control profile (i.e., the switching
behavior) cannot be properly identified. A number of investi-
gations to enhance the computational accuracy of the simul-
taneous approach and the detection of switching behavior
have been made.2 Similar to the work in Tieu et al.,12 Hun-
tington and Rao9 analyzed the accuracy by experimentally
modifying the number of elements and collocation points.
Cuthrell and Biegler13 formulated an NLP, where element
lengths are adjusted by the NLP solver to detect discontinu-
ities in optimal profiles, based on the error equidistribution
strategy from De Boor.14,15 This work was extended by
Vasantharajan and Biegler16 where two methods were pro-
posed to handle the accuracy of state profiles. First, the
objective function is modified to achieve an equal distribu-
tion of the approximation error. Second and most impor-
tantly, additional constraints are added in each finite element
to maintain the approximation error within a user-defined
tolerance. In the second case, especially when there are
insufficient elements to satisfy the error tolerance, an adapt-
ive element addition strategy was proposed in which addi-
tional elements (so called ‘‘dummy’’ elements) are included
at knot locations in an existing partition. This direct error
enforcement criterion from Vasantharajan and Biegler16 was
successfully applied to biological processes.17 However, add-
ing additional dummy elements and nonlinear error con-

straints increases the dimension of the optimization problem.
In this way, the optimization problem is essentially restarted.

An extension of the element placement was proposed by
Renfro et al.18 and by Tanartkit and Biegler19,20 by consid-
ering the information derived from optimal control theory
and the accuracy of the approximation. In the latter studies,
the equidistribution strategy is replaced by more straightfor-
ward direct error enforcement. The simultaneous handling
of the discretized optimization problem, the element place-
ment and the nonlinear error constraints leads to a nonlin-
ear problem that can be very difficult to solve (as men-
tioned in Vasantharajan and Biegler).16,19 Therefore, a bi-
level optimization framework is adopted in Tanartkit and
Biegler19,20: the outer problem determines the element place-
ment and the inner one performs the dynamic optimization.
Here it is important to note that for each iterate of the outer
problem the inner problem must be solved. In addition,
because the mesh and active sets change in the inner problem,
the outer problem is nonsmooth; consequently cutting planes
need to be added to ensure descent directions in the outer
problem. In Biegler et. al.,21 an heuristic approach was devel-
oped to handle the element placement (so called moving finite
elements-MFE) based on an interior point strategy. This
approach improves the convergence property of the inner
problem and removes the nonsmoothness shown in Tanartkit
and Biegler.19,20 The approach was successfully applied in
large-scale optimization problems.22 However, it has also
shortcomings; expanding the optimization problem by addi-
tional error constraints is needed and a two-layer optimization
problem has to be used.

In this work, we apply some of the above concepts to
extend the quasi-sequential approach and control the accu-
racy of state profiles. In the quasi-sequential approach, the
discretized DAEs are solved in a simulation layer. This pro-
vides the possibility to handle the accuracy of state profiles
only in the simulation layer. This is a fundamental advantage
due to the fact that there is no need to handle the element
lengths based on adding error constraints. In this way, the
state profile accuracy will be ensured in the simulation, and
the NLP solver adapts the element lengths only for the opti-
mality of the discretized optimization problem. According to
the information of direct error estimation or of a proposed
time derivative analysis, subintervals will be introduced to
improve the accuracy of the state profiles. Since this is only
done in the simulation layer, the size of the NLP problem
does not change and the solution strategy need not be
restarted. Moreover, an efficient gradient computation
scheme can be applied inside the subintervals.

The next section introduces the dynamic optimization prob-
lem and provides some background for collocation on finite
elements. ‘‘The proposed approach’’ section then describes and
extends the quasi-sequential strategy, and develops an efficient
strategy to introduce subintervals and calculate sensitivity in
the inner layer. ‘‘Dynamic optimization case study’’ section
then presents a case study to demonstrate the performance of
the extended quasi-sequential approach with the required accu-
racy in state profiles. Extensive results from this example indi-
cate that the proposed approach leads to much improved com-
putational performance compared with original quasi-sequen-
tial approach. Finally, in the conclusions we summarize the
key results of the article and outline areas for future work.
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Problem Description

Discretization with collocation

We consider dynamic nonlinear optimization problems
with path constraints on state profiles as follows:

min
uðtÞ;zðtÞ;yðtÞ;tf

u zðtÞ; yðtÞ;uðtÞ; tfð Þ; (1)

s:t:
dzðtÞ
dt

¼ F zðtÞ; yðtÞ;uðtÞ; tð Þ; z0 ¼ zðt0Þ; (2)

G zðtÞ; yðtÞ;uðtÞ; tð Þ ¼ 0; (3)

uðtÞmin � uðtÞ � uðtÞmax; zðtÞmin � zðtÞ � zðtÞmax;

yðtÞmin � yðtÞ � yðtÞmax; ð4Þ
where u represents a scalar objective function, tf the final time,
z(t) [ RND differential state profiles described by F [ RND

with z0 as initial conditions and y(t) [ RNA as algebraic state
profiles specified by G [ RNA, respectively. Here we assume
that the DAE system (2)–(3) is index 1 and that the algebraic
variables y(t) can be solved uniquely from (3), once z(t) and
u(t) are specified. Eq. 4 represents the bounds on control
profiles u(t) [ RNU and path constraints on the state variables.
It is noted that the nonlinear inequality constraints can be
handled by inserting additional slack variables. As in the
simultaneous approach both state and control profiles are
discretized on finite elements, i.e., the time period from t0 to tf
is divided into NL finite elements

Dtn ¼ tnþ1 � tn; n ¼ 1;…;NL; (5)

with tn, tnþ1 as start and end time of the nth interval, also
called knot locations. The polynomial approximation of the
differential state variables is done by the linear combination of
the Lagrange polynomials, that is,

zmn ðtÞ ¼
XNC
j¼0

‘jðtÞ � zmn;j; m ¼ 1;…;ND; n ¼ 1;…;NL

‘jðtÞ ¼
YNC
i¼0
i6¼j

t� tn;i
tn;j � tn;i

; ð6Þ

where NC denotes the number of collocation points in one
element, zmn (t) the polynomial approximation of the mth
differential state variable in the nth element, zmn;j the mth
differential state variable at the jth collocation point in the nth
element and tn,i the ith collocation point in the nth element
(note here: tn,0 or z

m
n;0 stands for the starting time and the initial

condition of the mth differential state variable, respectively, in
the nth element). From Eq. 6 the differential states are
represented at the collocation points in an element as follows:

zmn ðtn;iÞ ¼
XNC
j¼0

‘jðtn;iÞ � zmn;j ¼ zmn;i; i ¼ 1;…;NC (7)

and

dzmn ðtn;iÞ
dt

¼
XNC
j¼0

d‘jðtn;iÞ
dt

� zmn;j; i ¼ 1;…;NC: (8)

To ensure continuity of the differential state profiles
between two intervals, Radau collocation is used, i.e., the
value on the last collocation point of an element is defined
as the starting value (initial condition) of the next element:

zmn�1;NC ¼ zmn;0: (9)

In this work, we define controls, without loss of generality,
as piecewise constants in each element. Here we denote the
discrete values of controls in the vector Un [ RNU of the nth
interval. With the introduction of a normalized time s [ [0,1]
within each element Dtn and the polynomial approximation of
Eq. 8 the differential states from Eq. 2 can be represented by
the residual equation:

Rm
n;i tn;i
� � ¼XNC

j¼0

d‘jðsiÞ
ds

� zmn;j � Dtn � Fm Zn;i;Yn;i;Un; tn;i
� � ¼ 0

i ¼ 1;…;NC; m ¼ 1;…;ND; n ¼ 1;…;NL: ð10Þ
where Zn,i [ RND and Yn,i [ RNA denote the vectors of
differential and algebraic states of the nth element on the ith
collocation point.

The quasi-sequential approach

To give a clear description of the discretized optimization
problem, all differential states in Eq. 10 are summarized in
Z ¼ [Z1,1,…,ZNL,NC]

T [ RNC*ND*NL, all algebraic states in Y

¼ [Y1,1,…,YNL,NC]
T [ RNC*NA*NL and all controls in U ¼

[U1,…,UNL]
T [ RNU*NL. Applying the discretization to Eqs.

1–4 the discretized optimization problem is obtained as

min
U;Z;Y

u U;Z;Yð Þ (11)

s:t: Rm
n;i tn;i
� � ¼ 0; zmn�1;NC ¼ zmn;0; zm1;0 ¼ zmðtoÞ (12)

Gn Zn;i;Yn;i;Un; tn;i
� � ¼ 0 (13)

i ¼ 1;…;NC; m ¼ 1;…;ND; n ¼ 1;…;NL (14)

Umin � U � Umax; Zmin � Z � Zmax; Ymin � Y � Ymax:

(15)

In the simultaneous approach Z, Y, and U are determined
directly by the NLP solver. However, the quasi-sequential
approach solves the equation system (12) and (13) with a
Newton method and the whole system is decomposed into a
control and a state space. The optimization problem is
therefore solved in a two-layer structure: the solution of the
equation system is done in the simulation layer and the
optimization in the optimization layer. In the optimization
layer, the following reduced problem will be solved

min
U

u U;X Uð Þð Þ; (16)

s:t: Umin � U � Umax; Xmin � X Uð Þ � Xmax; (17)

where X(U) [ RNC*(NAþND)*NL stands for the computed
differential and algebraic state variables of all finite elements
in the simulation layer for a given value of U.
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The Proposed Approach

Error estimation

Using a discretization method to reformulate the infinite
optimization problem to a finite NLP leads to an approxi-
mate description of the optimization problem. This section
briefly outlines the most common approaches to estimating the
approximation error of state profiles with the collocation
method. The error estimation in polynomial approximation at
Gaussian points was first made by De Boor and Swartz,23 where
the accuracy of the state profiles and their derivatives were ana-
lyzed. In De Boor,14 the first method of knot placement was
derived with equidistributing the approximation error over all
elements. De Boor15 proposed a scheme to compute a grid that
guarantees the equidistribution. This approach was then intro-
duced to dynamic optimization13,16 as well as collocation-based
distillation optimization.24 An overview of common methods in
estimating the error of approximated state profiles by using the
collocation method is given in Russell and Christiansen,25

where the error was estimated based on (NC þ 1)th derivatives
of the polynomial approximated solution or by evaluating the
residual function of the approximated differential equations at
noncollocation points. Based on Russell and Christiansen25 and
Ascher,26 the study of Vasantharajan and Biegler16 indicated
that for a ‘‘sufficiently smooth’’ function the absolute error e in
an ODE-System can be estimated by

cnonc � Rm
n;nonc tn;nonc

� ���� ��� � emn;nonc; m ¼ 1;…;ND;

n ¼ 1;…;NL: ð18Þ
where Rm

n;nonc(tn,nonc) is the residual of the mth differential
variable of the collocation approximation (see Eq. 10) at the
noncollocation point tn,nonc (denoted by nonc) in the nth finite
interval. This residual is given by:

Rm
n;nonc tn;nonc

� � ¼XNC
j¼0

d‘jðsnoncÞ
ds

�zmn;j

�Dtn � Fm Zn;nonc;Yn;nonc;Un;nonc; tn;nonc
� � ð19Þ

where Zn,nonc [ RND and Yn,nonc [ RNA describe the
approximated values at a noncollocation point using the
differential and algebraic state variables in the nth element,
snonc is the noncollocation point in normalized time s [ [0,1]
for tn,nonc, and Un,nonc denotes controls at the noncollocation
point (with piecewise constant control in the finite element
Un,nonc ¼ Un), respectively. The approximated differential
variables at the noncollocation point can be computed by
interpolation (see Eq. 6):

zmn ðtn;noncÞ ¼
XNC
j¼0

‘jðtn;noncÞ � zmn;j; m ¼ 1;…;ND (20)

in vector Zn,nonc [R
ND. Since the DAE system (2)–(3) is index

1, Eq. 13 can be rewritten at noncollocation points21 and used
for the computation of Yn,nonc [ RNA, algebraic state variables
at the noncollocation points:

Gn Zn;nocn;Yn;nonc;Un;nonc; tn;nonc
� � ¼ 0 (21)

The constant cnonc in Eq. 18 depends only on snonc and the
collocation order NC:

cnonc ¼ 1

anonc

Zsnonc
0

YNC
i¼1

ðs� siÞ
 !

ds (22)

with

anonc ¼
YNC
i¼1

ðsnonc � siÞ: (23)

To ensure the accuracy over a whole finite element, it is
necessary to evaluate (18) over a fine grid. However this can be
computationally expensive. To reduce the computational load
only one or a few noncollocation points are evaluated in each
element.21 However, no guidelines on the number and location of
selected points have been stated in the previous studies. Here we
select the center of neighboring collocation points as the
noncollocation point for evaluating the approximation errors
(e.g. 3 noncollocation points will be selected for a 3-point-
collocation scheme). The error estimation is done by evaluating
Eqs. 18–23 for every noncollocation point. In the next subsection,
we propose an alternative to this error estimation strategy.

Time derivative analysis

This section presents a criterion for an estimation of the
accuracy of polynomial approximated state profiles. Our goal
is to derive this criterion based only on available informa-
tion, that is, without any additional intensive computations.
The main reason for this treatment is to reduce the computa-
tional load, since the calculations are needed for each ele-
ment and each iterate of the NLP solver.

Russell and Christiansen25 estimated the approximation
error based on the (NC þ 1)th time derivatives. The objective
of our derivative analysis is to simplify the procedure based
only on known information of the first time derivatives during
the simulation. From the NLP problem (11)–(15), one can see
that the discretized controls, the differential and algebraic
states as well as element lengths will be determined directly
or indirectly by the NLP solver (depending on the approach
used). Through the analysis of the residual Eq. 10, we have
additional information on the time derivatives of the differen-
tial states at collocation points. This is obtained without any
additional computational load through function evaluations
available during the solution of the NLP.

It is well-known that exact state profiles can be obtained
with the collocation method for polynomials of a certain
order (e.g. 2NC at Radau points). However, with the above
mentioned information a polynomial order of state variables
for satisfying a predefined accuracy tolerance cannot be
determined without additional computations as in the ‘‘Error
estimation’’ section (interpolation to noncollocation points,
evaluation of the algebraic equation and reevaluation of the
residual equation). Instead, we use time derivatives of the
differential state variables at collocation points to evaluate
the degree of their nonlinearity along the time profiles.

For an easier illustration, we investigate in the following
only two neighboring collocation points at t1 and t2 and one
differential state variable z(t). The basic idea is that the time
behavior of a constant time derivative results in a linear time
profile. Based on this, we formulate the following criterion:

a ¼ _zðt1Þj j � _zðt2Þj jj j: (24)
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Here a[ 0 represents a profile with a nonlinear behavior. A
change of the time derivatives indicates a degree of
nonlinearity of the state profile. To hold these values in the
range of [0, 1] we normalize a by

arel¼
a

max _zðt1Þj j; _zðt2Þj jf g ; if max _zðt1Þj j; _zðt2Þj jf g 6¼ 0

a; else
:

(

(25)

In other words, we can expect arel as a ‘‘relative Manhattan
distance’’ to a linear profile. One can choose an allowed range
tol of this ‘‘distance’’, so that the approximation of the state
profile is sufficiently accurate:

arel � tol: (26)

To use the curvature of state profiles as an indicator of
nonlinearity the relative change of the states on the collocation
points to the values on the initial point is considered as a test
criterion

amn;i¼

_zmn;0

��� ���� _zmn;i

��� ������ ���
max _zmn;0

��� ���; _zmn;i

��� ���n o ; if max _zmn;0

��� ���; _zmn;i

��� ���n o
6¼0

_zmn;0

��� ���� _zmn;i

��� ������ ���; else

8>>>>><
>>>>>:

� tolmi

i¼1;…;NC; m¼1;…;ND; n¼1;…;NL: ð27Þ
where amn;i represents the ith criterion of the mth differential
state in the nth element, żmn;k the first derivative at the kth
collocation point of the mth differential state in the nth element
and tolmi the ith allowed tolerance of the mth differential state
in all finite elements, respectively. By specifying the
tolerances from Eq. 27, the allowed state curvature can now
be set by the user. We have no direct mathematical relation
between the a value and the error in the state profiles at the
moment. Therefore the time derivative analysis is only
empirical. In addition, the simulation of the model equations
with an appropriate simulation environment can support the
user in selecting these tolerance values.

Extension of the quasi-sequential approach

In this section, we extend the quasi-sequential approach
described before by introducing variable finite element lengths
and ensuring a user-defined relative error tolerance for the ac-
curacy of state profiles. By changing the length of time ele-
ments to satisfy the specified error tolerance increases the
degrees of freedom of the NLP. Studies aiming at this have
been made within the simultaneous approach.16–22 In the quasi-
sequential approach, the objective function u is minimized and
the constraints on states are handled with respect to U and DT
¼ [Dt1,…,DtNL]

T [ RNL with additional inequality constraints
on DT. This results in a modification of Eqs. 16 and 17 to

min
U;DT

u U;DT;X U;DTð Þð Þ (28)

s:t: Wrel X U;DTð Þ; erelf g � 0 (29)

Umin � U � Umax; DTmin � DT � DTmax;

Xmin � X U;DTð Þ � Xmax ð30Þ

with the inequality constraints for the error evaluations of
the state profiles Eq. 29 and the results of the simulation
layer X(U,DT) for a given U and DT. Here the operator Wrel

represents the relative error evaluations from sections
‘‘Error estimation’’ and ‘‘Time derivative analysis.’’ Choos-
ing the method of error prediction at noncollocation points,
Wrel evaluates Eq. 18 at every noncollocation point and
estimates the relative error by dividing e by the values of
the computed states at the corresponding noncollocation
point (see Eq. 20). With the method of time derivative
analysis, the operator Wrel computes the state curvatures
and compares these with the allowed tolerance values (see
Eq. 27).

In the simultaneous approach, the MFE is successfully
applied to handle accuracy requirements based on the error
prediction method with additional constraints like Eq. 29.16–22

The major difficulties in solving such NLPs lie in the addi-
tional nonlinear constraints of the error observations and the
possibility of an empty solution space if not enough elements
are present to satisfy Eq. 29.16 To overcome these difficulties
in the simultaneous approach, the NLP was solved with a bi-
level optimization framework.19–21 The main disadvantage of
this procedure lies in resolving the dynamic optimization in
the inner problem.21

In our approach, the above-mentioned disadvantages can
be prevented by handling the accuracy requirements, that is,
satisfying Eq. 29, in the simulation layer. Thus the NLP in
the optimization layer of the quasi-sequential approach can
be reformulated as

min
U;DT

u U;DT;X U;DTð Þð Þ (31)

s:t: Umin � U � Umax;DTmin � DT � DTmax;

Xmin � X U;DTð Þ � Xmax: ð32Þ

This extension enables the NLP solver to determine the
lengths of time intervals based only on the optimality
conditions, without additional nonlinear constraints for hand-
ling the accuracy of the approximation of state profiles.

The extension of the quasi-sequential approach is pre-
sented on the right side of Figure 1 and is illustrated in
black. After convergence of the Newton method, for solv-
ing the model equations in an element, the accuracy condi-
tions will be checked with the error estimation method
(see ‘‘Error estimation’’ section) or the time derivative
analysis (see ‘‘Time derivative analysis’’ section). If the
conditions are not satisfied, subintervals will be introduced
to simulate from one collocation point of the original dis-
cretization to the next. In this case, values of state varia-
bles over the original finite element at the collocation
points will be computed by introducing subintervals
(called sub-simulation).

The sub-simulation is illustrated in Figure 2 where the
relations between the collocation points of the original (‘‘o’’)
to those of the subintervals (‘‘x’’) are shown (using a 3-point
collocation scheme with 1 and 2 necessary subintervals for
the first and the remaining original collocation points). As a
result, it is possible to ensure the approximation accuracy of
state profiles without changing the dimension of the original
optimization problem. In this way, there is no need to restart
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the NLP solver at each iteration. We call the proposed pro-
cedure qMFE. Obviously no subintervals will be introduced
if the approximation in a finite element is sufficiently accu-
rate. The sensitivity computations required in Figures 1 and
2 are described in the next section.

Sensitivity computation

In the quasi-sequential approach the DAE system is
addressed by solving Eq. 12 and 13 successively from one
element to the next. The sensitivities of states with respect
to controls and the element lengths can be computed in par-
allel to the model solution. This is done at every iteration of
the NLP solver. The discretized model equations in the ele-
ments Eqs. 12 and 13 can be rewritten as

Cn Xn;0;Xn;Un;Dtn
� � ¼ 0; n ¼ 1;…;NL: (33)

where Xn comprises the differential and algebraic states at all
collocation points in the nth interval with the initial
conditions Xn,0 ¼ DXn�1, D represents the mapping matrix
of the initial conditions in the finite elements from Xn�1 to
Xn,0, respectively. The first order Taylor expansion of Eq. 33
results in

dCn

dXn;0
� DXn;0 þ dCn

dXn
� DXn þ dCn

dUn
� DUn þ dCn

d Dtnð Þ � D Dtnð Þ ¼ 0

(34)

or

Kn � DXn;0 þ Ln � DXn þMn � DUn þ Nn � D Dtnð Þ ¼ 0: (35)

From this, we have the sensitivities of states with respect to
controls, to element lengths and initial conditions in each element:

dXn

dUn
¼ �L�1

n �Mn (36)

dXn

d Dtnð Þ ¼ �L�1
n � Nn (37)

dXn

dXn;0
¼ �L�1

n �Kn (38)

The matrix Ln can be taken from the last Newton step that
solves Eq. 33, that is, available information can be used again
(e.g., the computed LU-decomposition) to solve Eq. 36–38.
The continuity of the state profiles allows to transfer the
sensitivities from element to element by using the chain rule.3

Thus the sensitivities of the states in the nth element with
respect to the controls or element lengths of the i ¼ 1…n�1
can be computed by

dXn

dUi
¼ dXn

dDXn�1

� dDXn�1

dUi
¼ dXn

dXn;0
D
dXn�1

dUi
; (39)

dXn

dðDtiÞ ¼
dXn

dDXn�1

� dDXn�1

dðDtiÞ ¼ dXn

dXn;0
D
dXn�1

dðDtiÞ ; (40)

Figure 2. Sub-simulation.

Figure 1. The quasi-sequential approach and the extension.
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For i � 0 the sensitivities are given in Eqs. 36 and 37. The
evaluation of Eq. 38 is necessary to compute Eqs. 39 and 40.
In Figure 1, the sensitivities of X are decomposed into
control variables and element lengths to illustrate the
extended approach for element placement-qMFE. Through
the above computation we receive all sensitivity informa-
tion required:

dX

dU
¼

dX1

dU1

0

..

. . .
.

dXn

dU1

� � � dXn

dUn

..

. . .
. ..

. . .
.

dXNL

dU1

� � � dXNL

dUn
� � � dXNL

dUNL

2
66666666666664

3
77777777777775
;

dX

dðDTÞ ¼

dX1

dðDt1Þ 0

..

. . .
.

dXn

dðDt1Þ � � � dXn

dðDtnÞ
..
. . .

. ..
. . .

.

dXNL

dðDt1Þ � � � dXNL

dðDtnÞ � � � dXNL

dðDtNLÞ

2
66666666666664

3
77777777777775
: (41)

The above sensitivity computation is performed inside
the elements when no subintervals are introduced. As
mentioned in the section of ‘‘Extension of the quasi-
sequential approach’’ and shown in Figure 2, we introduce
subintervals in a given element based on locations of
the collocation points. Here, the sensitivities of states are
still required for the original collocation points with
respect to the controls and element lengths (see Figure 1
and Figure 2). Furthermore, the sensitivities at the last point
in every subinterval to the initial conditions are needed
to transfer the sensitivities of the previous elements using
Eq. 39 and 40 up to the last collocation point of the
subinterval.

To illustrate, we derive the sensitivities over NLAC subin-
tervals, starting from the first collocation point in the nth
finite element. For these subintervals, Eqs. 12 and 13 can be
reformulated to

Cj Sj;0;Sj;U
S
j
;DtSj

� �
¼ 0; S0;0 ¼ Xn;0; Sj;0 ¼ DSj�1;

j ¼ 1;…;NLAC; ð42Þ

where S represents the discretized states in the sub-simulation
(at collocation points ‘‘x’’ in Figure 2) as was done with X

in Eq. 33. Applying the above sensitivity analysis to Eq. 42
we have:

dS

dUS
¼

dS1

dUS
1

0

..

. . .
.

dSn

dUS
1

� � � dSn

dUS
n

..

. . .
. ..

. . .
.

dSNLAC

dUS
1

� � � dSNLAC

dUS
n

� � � dSNLAC

dUS
NLAC

2
666666666666664

3
777777777777775

;

dS

dðDTSÞ ¼

dS1
dðDtS1Þ

0

..

. . .
.

dSn
dðDtS1Þ

� � � dSn
dðDtSnÞ

..

. . .
. ..

. . .
.

dSNLAC

dðDtS1Þ
� � � dSNLAC

dðDtSnÞ
� � � dSNLAC

dðDtS
NLAC

Þ

2
666666666666664

3
777777777777775

ð43Þ

Based on the above discussion, the sensitivities of the first
collocation point in the original finite element now correspond
to the last collocation point, for every state in the sub-
simulation to be computed. Moreover, the last rows in Eq. 43
are of interest only if they depend on the original controls and
element lengths. Inside these subintervals the control variables
and element lengths must depend on the controls and element
lengths of the original finite element.

With piecewise constant controls in the original finite ele-
ment and a given number of subintervals the dependencies
can be described as

US
j
¼ Un; j ¼ 1;…;NLAC (44)

DtSj ¼ Dtn � s1
NLAC

; j ¼ 1;…;NLAC; (45)

where s1 is the first collocation point in the normalized range s
[ [0,1] and NLAC represents the subintervals needed to the first
collocation point (c.f. Figure 2, there NLAC equals to one
exemplary). By replacing US

j and DtSj in Eq. 42 with Eqs. 44
and 45, the sensitivities of the states inside the subintervals can
be computed with respect to the original controls and element
lengths and then transferred by the chain rule to the last
collocation points of the sub-simulation (which are the first
collocation points of the original finite element). This is
similar to Eqs. 36 and 37 during a normal simulation.

The sensitivities at the first collocation point (of the origi-
nal finite element) with respect to the initial condition can
be easily computed with the chain rule from the first subin-
terval to the last collocation point of the sub-simulation
(similar to Eq. 38 in a normal simulation). As mentioned
before, the computational efforts for the sensitivities can be
reduced to the calculation of the sensitivities of the last col-
location point of the subintervals, since the other sensitivities
are not necessary for the sensitivities of the original colloca-
tion points. The sensitivities of the states at the remaining
original collocation points can be easily derived with the
same procedure.
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The resulting procedure calculates the reduced gradients
with respect to U and DT that are used in the NLP (31)–
(32). It should be noted that the introduction of subintervals
at a particular NLP iteration does lead to structural changes
in the collocation equations and the sensitivity calculation.
Therefore, even though the NLP has the same number of
variables, adding more elements in the simulation layer will
produce different function values, reduced gradients and
KKT multipliers, than if none were added. However, this
should not disrupt the convergence of the NLP. Instead, it
effectively moves the current iterate to a different level of
approximation, where the algorithm can continue until con-
vergence. On the other hand, some care should be taken
with the application of SQP algorithms, as ‘‘memory de-
pendent’’ factors (e.g., BFGS updates and estimates of the
line search parameters) could be affected. These difficulties
were not observed in this study.

Dynamic Optimization Case Study

The optimization problem

This section considers an optimal control problem of a
batch beer fermentation process taken from Gee and Ram-
irez.27 In this case we consider a weighted objective function
that seeks maximum ethanol production while simultane-
ously minimizing operating time. The fermentation medium
contains three sugar sources, glucose g(t), maltose m(t), and
maltotriose n(t). The nonlinear DAE description is given by
the rate equations, temperature temp(t) change in the me-
dium and by the biomass xb(t), and ethanol e(t) relations as
follows:

dg tð Þ
dt

¼ �l1 g tð Þð Þxb tð Þ
dm tð Þ
dt

¼ �l2 m tð Þ; g tð Þð Þxb tð Þ
dn tð Þ
dt

¼ �l3 n tð Þ;m tð Þ; g tð Þð Þxb tð Þ
dtemp tð Þ

dt
¼ 1

qCP

DHFG

dg tð Þ
dt

þ DHFM

dm tð Þ
dt

þ DHFN

dn tð Þ
dt

�

� u tð Þ tempðtÞ � TEMPCð Þ
�

xb 0ð Þ þ RXg
g t0ð Þ � g tð Þð Þ þ RXm

m t0ð Þ � m tð Þð Þ
þ RXn

n t0ð Þ � n tð Þð Þ � xbðtÞ ¼ 0

eð0Þ þ REg
g t0ð Þ � g tð Þð Þ þ REm

m t0ð Þ � m tð Þð Þ
þ REn n t0ð Þ � n tð Þð Þ � eðtÞ ¼ 0 ð46Þ

A detailed description of the model is given in Appendix.
There are four differential state variables g(t), m(t), n(t), and
temp(t) and two algebraic states xb(t) and e(t) with the initial
condition g(0) ¼ 70 mol m�3; m(0) ¼ 220 mol m�3; n(0) ¼ 40
mol m�3; temp(0) ¼ 8�C; xb(0) ¼ 175 mol m�3, and e(0) ¼ 0
mol m�3. The process is controlled with the cooling rate u(t)
with a lower and upper boundary

umin � u tð Þ � umax (47)

where umin ¼ 0 kJ h�1 m�3 �C�1 and umax ¼ 30 kJ h�1 m�3

�C�1. The fermentation mechanism is to be ensured by a
constrained temperature profile during the operation

tempmin � temp tð Þ � tempmax (48)

with tempmin ¼ 0�C and tempmax ¼ 12�C. In Gee and
Ramirez,27 the objective function of the optimization problem
is defined by trading off maximum final ethanol concentration
and minimum final time tf (batch time) with a weighting factor
w, that is,

min
uðtÞ;tf

u ¼ min
uðtÞ;tf

�e tfð Þ þ w � tff g: (49)

The constrained optimal control problem consists of Eqs.
46–49 (here w ¼ 3 mol h�1 m�3 is used). We apply in the next
section our qMFE strategy to this dynamic optimization problem.

Results and discussions

The problem solution is realized with a discretization of
the DAE description from Eq. 46 through the collocation
method presented in section ‘‘Problem description.’’. Here
we use NC ¼ 3 collocation points, NL ¼ 40 finite elements
and a piecewise constant control in every element, that is

U ¼ ½u1; u2;…; u40�T ; DT ¼ ½Dt1;Dt2;…;Dt40�T: (50)

From Gee and Ramirez,27 the optimal control strategy has a
hard switch in the time profile where the control goes to the
upper bound and a second time point where the control leaves
the upper bound. To detect these time points with the qMFE
strategy (see ‘‘Extension of the quasi-sequential approach’’
section) the following reduced NLP problem is solved in the
optimization layer

min
U;DT

�e tfð Þ þ w
XNL
i¼1

Dti

( )
(51)

s:t: umin � U � umax; DTmin � DT � DTmax;

tempmin � TEMP � tempmax ð52Þ
where e(tf) is the ethanol concentration at the last collocation
point and TEMP the vector of the discrete temperature
description. The values of e(tf), TEMP and the corresponding
gradients with respect to the control variables and element
lengths are calculated in the simulation layer with the
proposed procedure from section ‘‘Sensitivity computation’’
(see also Figure 1). The approach is implemented in the
MATLAB

VR
environment and uses the automatic differentia-

tion software INTLAB28 to calculate the sensitivities on an
Intel Core 2 duo with 2.4 GHz and Microsoft Windows XP

VR

The initial starting values (denoted by ‘‘0’’) of the control
variable are assumed as constant over the whole time period
and the initial element lengths are chosen as:

U0 ¼ ½30;…; 30�T; DT0 ¼ ½400=NL;…; 400=NL�T: (53)

This corresponds to an initial final time of t0f ¼ 400h. The
constraints on U, TEMP, and DT are given by Eqs. 47 and 48,
respectively. For the boundary of time intervals we choose
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DTmin ¼ DT0/3 and DTmax ¼ 5DT0/3. The solution of the NLP
(51) and (52) is obtained by the SQP algorithm using
SNOPT29 and the result is shown in Figure 3. The problem
is solved first without controlling the accuracy of the state
profiles (the original quasi-sequential, called Variant 1) and
then with the accuracy method from the sections ‘‘Error
estimation’’ (Variant 2) and ‘‘Time derivative analysis’’
(Variant 3).

The first part of Figure 3 shows the optimal cooling strat-
egy, the second part the optimal lengths of elements, and the
third part characterizes the step length behaviors during the
solution process of the three variants. The interpretation of
the optimization results from a chemical or biological point
of view it not in the aim of this work. Therefore optimal
state profiles are not shown or discussed. The optimal cool-
ing strategies obtained by Variants 2 and 3 are nearly

Figure 3. Comparison of the solution strategies.

Figure 4. Comparison of optimal cooling profiles from randomly starting points.
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identical and reproduce the analytical solution from Gee and
Ramirez27 very well. More importantly, they are more accu-
rate than the results of Variant 1. The optimal time points
are t�1;1 � 36.11h, t�1;2 � t�1;3 � 37.37h, t�2;1 � 70.74h, t�2;2 �
69.40h, t�2;3 � 69.41h and t�f;1 � t�f;2 � t�f;3 � 164.4h, where
the second index denotes the corresponding variant.

The optimal element lengths of Variant 1 (see middle
graphic of Figure 3) are between 3.3333 h (i.e., at lower
bound of the elements) and 9.4417 h. The optimal element
lengths of Variants 2 and 3 are nearly identical and they
range between 3.3345 and 5.6213 h. The large elements of
Variant 1 impair the approximation of the collocation
method since Variant 1 has no accuracy control, while the
smaller range of the element lengths from Variants 2 and 3
improve the approximation accuracy.

Interestingly, the Variants 2 and 3 also have better conver-
gence performance than Variant 1. This can be observed
from the third graphic of Figure 3, where Variant 1 needs
more iterations (23 vs. 16 by Variants 2 and 3) and requires
lower step sizes at four iterations compared to Variants 2
and 3. Here the performance of Variants 2 and 3 is nearly
identical. However, Variants 2 and 3 take more computa-
tional time to ensure the required accuracy in each iteration
by detection and handling of approximation errors than Vari-
ant 1 where the standard quasi-sequential approach (without
error control) is used.

The total CPU time in solving the problem is tCPU,1 ¼
195.74s, tCPU,2 ¼ 125.26s and tCPU,3 ¼ 123.41s, respectively.
The accuracy controlling methods allow the optimization to
be accelerated by about 40% due to fewer iterations of NLP
and larger step sizes in the line search. In Variants 2 and 3,
the total CPU time to compute the error criteria during the
optimization (in the following called detection time) is tde-
tect,2 ¼ 2.101s and tdetect,3 ¼ 0.377s (i.e., with variant 3 82%

of the detection time can be saved), respectively. The CPU
time per iteration of Variants 2 and 3 is titeration,2 ¼ 7.829s
and titeration,3 ¼ 7.713s, respectively. Nevertheless,
MATLAB

VR
and INTLAB are used to implement this test

environment, which require relatively high CPU time.
In addition, we now analyze the robustness of conver-

gence to the solution for the three variants with different
starting control profiles. We consider 100 random initializa-
tions of the control profile in every finite element between 0
and 30 kJ h�1 m�3 �C�1 and the element lengths between 5
and 10 h. For all three variants the same randomly generated
initial profiles are used. The results of the optimal cooling
strategies are shown in Figure 4. It can be seen that in Vari-
ant 1 the optimal switching strategy cannot be identified (and
the optimization algorithm with Variant 1 fails for 26 cases).
In Variants 2 and 3 the switching behavior is clearly identified
in every randomly initialized case. As a result, the extension
by using the qMFE strategy proposed in this article makes the
quasi-sequential approach more robust to the initialization in
solving the problem. The optimal element lengths of Variant
1 again have the trend to spread over a wide range.

Figure 5 compares the performance in solving the optimi-
zation problem for the randomly initialized starting points.
The top graphic of Figure 5 shows the observed frequency
of the total CPU time needed to solve the problem. It can be
seen that Variant 1 needs from 150 to 1250 CPU seconds,
and shows worse time performance in comparison to Var-
iants 2 and 3. The distributions of Variants 2 and 3 are more
skewed to the left side, and the behavior is again much bet-
ter than that of Variant 1.

The bottom graphics of Figure 5 compare Variants 2 and
3 based on the frequency of the required total CPU time
(left) and the detection time needed (right). The overhead
time is the time needed for the simulations and gradient

Figure 5. Time performance to random initializations.

2194 DOI 10.1002/aic Published on behalf of the AIChE August 2011 Vol. 57, No. 8 AIChE Journal



computations in the subintervals. The detection time of Vari-
ant 3 is expectedly shorter than that of Variant 2, which is
caused by the better performance of the error detection algo-
rithm of Variant 3. From Figure 5, it can be concluded that
it is important to consider accuracy control in state profiles
by applying a moving finite element strategy in the optimiza-
tion problem within the quasi-sequential approach.

Conclusions

We extend the quasi-sequential approach by an accuracy
controlling strategy for state profiles called qMFE. The accu-
racy required is ensured in the simulation layer of the quasi-
sequential approach with an error estimation method and a
time derivative analysis. To solve the problem with an SQP
method, we derive the modified sensitivity computations dur-
ing the accuracy handling in an efficient way. Based on a
case study we demonstrate the necessity of accurate control
of the state profiles by adding subintervals. Indeed, the appli-
cation of these strategies leads to better convergence,
reduces the computation time and results in greater robust-
ness to the initial trajectory of the dynamic optimization
problem.

The two accuracy handling methods presented produce
nearly the same results. But from the aspect of time perform-
ance the time derivative analysis outperforms the error esti-
mation method because of its much faster error detection.
The time derivative approach is empirical but it works well
in practice and motivates the need for additional investiga-
tions.

Our approach guarantees the accuracy of state profiles in
the simulation layer without increasing the number of finite
elements in the optimization problem. Thus in the optimiza-
tion layer only the task of solving the optimization problem
is carried out and there is no need to restart the NLP solver.
In this way we can guarantee the accuracy of the state pro-
files and solve the optimization problem more efficiently.

In future work we will apply qMFE to a set of large-scale
dynamic optimization problems and compare them with the
MFE strategy in the simultaneous approach. In addition, it is
necessary to extend our approach to handle mathematical
programs with equilibrium constraints (MPEC), where a
moving finite elements strategy is required.2 Furthermore a
method will be considered to automatically determine the
number of necessary finite elements for sufficiently accurate
description of the real optimal solution.
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Notation

anonc, cnonc ¼ constants at noncollocation point
Cn ¼ function vector after discretization in the nth element
D ¼ mapping matrix of initial conditions
F ¼ function vector of differential states
Fm ¼ mth function of F
G ¼ function vector of algebraic states
Gn ¼ function vector of algebraic states in the nth element
Kn ¼ Jacobi matrix of Cn with respect to Xn,0 in the nth

element

Ln ¼ Jacobi matrix of Cn with respect to Xn in the nth
element

Mn ¼ Jacobi matrix of Cn with respect to Un in the nth
element

Nn ¼ Jacobi matrix of Cn with respect to Dtn in the nth
element

NA ¼ number of algebraic states
NC ¼ number of collocation points
ND ¼ number of differential states
NE ¼ number of finite elements

NLAC ¼ counterpart of NL during sub-simulation
NU ¼ number of control variables

Rm
n;i, R

m
n;nonc ¼ residual (mth differential state; nth element; ith or

noncollocation point)
S ¼ counterpart of X during sub-simulation
Sj ¼ counterpart of Xn during sub-simulation

Sj,0 ¼ counterpart of Xn,0 during sub-simulation
t ¼ time

tf, tn ¼ final time or final time of the nth element
tn,i, tn,nonc ¼ ith or noncollocation point in the nth element

tol ¼ tolerance of relative nonlinearity in the state profile
tolmi ¼ ith tolerance of relative nonlinearity in the mth

differential state
u(t) ¼ vector of control profiles
U ¼ vector of all discrete controls
Un ¼ vector of discrete controls in the nth element
US

j ¼ counterpart of Un during sub-simulation
Umin, Umax ¼ vectors of path constraints on control profiles

Un,nonc ¼ vector of discrete controls (nth element; noncollocation
point)

X ¼ vector of all discrete differential and algebraic states
Xn ¼ vector of all discrete differential and algebraic states in

the nth element
Xn,0 ¼ vector of mapped initial conditions in the nth element

Xmin, Xmax ¼ vectors of path constraints on state profiles
y(t) ¼ vector of algebraic state profiles
Y ¼ vector of all discrete algebraic states

Yn,i,Yn,nonc ¼ vectors of algebraic states (nth element; ith or
noncollocation point)

z0 ¼ vector of initial conditions
z(t) ¼ vector of differential state profiles
zmn;j ¼ mth differential state at the jth collocation point in the

nth element
zmn (t) ¼ polynomial approximation of the mth differential state

in the nth element
Z ¼ vector of all discrete differential states

Zn,i, Zn,nonc ¼ vector of differential states (nth element; ith or
noncollocation point)

Zmin, Zmax ¼ vectors of path constraints on differential state
profiles

a ¼ degree of nonlinearity in the state profile
arel ¼ relative degree of nonlinearity in the state profile
amn;i ¼ ith criterion of the mth differential state in the nth

element
Dtn ¼ length of the nth finite element

DtSj ¼ counterpart of Dtn during sub-simulation

DT ¼ vector of all finite elements
DTmin, DTmax ¼ boundaries for all finite elements

emn;nonc ¼ approximation error of the mth differential state at
noncollocation point in the nth element

u ¼ objective function
s ¼ normalized time

snonc ¼ normalized noncollocation point
Wrel ¼ operator for the evaluation of relative error estimation

or time derivative analysis
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Appendix: Model of the Beer Fermentation
Process

In the following we present more details on the example
in the ‘‘Dynamic Optimization Case Study’’ section. The
symbols of Eq. 46 have the following meaning:

And the sugar uptake rates are defined by the following
Michaelis terms

l1 g tð Þð Þ ¼ Vgg tð Þ
Kg þ g tð Þ

l2 m tð Þ; g tð Þð Þ ¼ Vmm tð Þ
Km þ m tð Þ

K0
g

K0
g þ g tð Þ

l3 n tð Þ;m tð Þ; g tð Þð Þ ¼ Vnn tð Þ
Kn þ n tð Þ

K0
g

K0
g þ g tð Þ

K0
m

K0
m þ m tð Þ : (A1)

The maximum rate V, Michealis constants K and inhibition
constants K0 depend on the temperature. This is modeled by
the following Arrhenius temperature dependencies

Vi tð Þ ¼ Vi0 exp �EVi
= R temp tð Þ þ 273:15ð Þð Þ½ �

Ki tð Þ ¼ ki0 exp �EKi
= R temp tð Þ þ 273:15ð Þð Þ½ �

K0
i tð Þ ¼ k0i0 exp½�EK0

i
= R temp tð Þ þ 273:15ð Þð Þ�

9>=
>;

i ¼ g;m; n ðA2Þ

where

The model parameters are listed in Table A1. The reader
is recommended to Gee and Ramirez27 for a detailed deriva-
tion of the process model.

g(t) glucose concentration in mol m�3

li specific rate of sugar uptake in h�1

m(t) maltose concentration in mol m�3

Cp mixture heat capacity in kJ kg�1 �C�1

n(t) maltotriose concentration in mol m�3

q mixture density in kg m�3

temp(t) temperature in �C
DHFi heat of reaction in kJ mol�1

xb(t) biomass concentration in mol m�3

TEMPC coolant temperature (here ¼ 0�C)
e(t) ethanol concentration in mol m�3

RXi; REi specific stoichiometric yields

Vi0 Arrhenius frequency factor for maximum
velocity in h�1

ki0; ki0 Arrhenius frequency factors for
Michaelis/inhibitation constants in mol m�3

EVi Arrhenius activation energy for maximum
velocity kJ mol�1

EKi; EK0 i Arrhenius activation energy for
Michaelis/inhibitation constants kJ mol�1

R gas constant in J mol�1 K�1.
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Table A1. Model Parameters of the Fermentation Process

Dimensionless DH [kJ mol�1] E [kJ mol�1] Different

RXG
¼ 0.134 REG

¼ 1.92 DHFG
¼ �91.2 EVG

¼ 94.6 EKG
¼ �284.5 EK0

G
¼ 42.7 q ¼ 1040 kg m�3

RXM
¼ 0.268 REM

¼ 3.84 DHFM
¼ �226.3 EVM

¼ 47.3 EKM
¼ �43.2 EK0

M
¼ 110 CP ¼ 4016 J kg�1 K�1

RXN
¼ 0.402 REN

¼ 5.76 DHFN
¼ �361.3 EVN

¼ 31.8 EEN
¼ �83.3 R ¼ 8.314 J mol�1 k�1
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